We provide a class of unbounded three-dimensional domains of infinite volume for which the spectrum of the associated Dirichlet Laplacian is purely discrete. The construction is based on considering tubes with asymptotically diverging twisting angle.
Introduction
Given an open set Ω in : Ω is quasi-conical if it contains arbitrarily large balls; Ω is quasi-cylindrical if it is not quasi-conical but contains an infinite set of identical disjoint balls; Ω is quasi-bounded if it is neither quasiconical nor quasi-cylindrical.
By choosing a singular sequence of functions supported in the enlarging balls, it is easy to see (cf. The other extreme case is given by quasi-bounded Ω, for which the spectrum is "typically" purely discrete, i.e. σ ess (−∆ Ω D ) = ∅, at least under some regularity assumptions about Ω (precise conditions can be stated in terms of capacity, cf. [3, Thm. VIII.3.1]). These regularity assumptions are automatically satisfied if Ω is bounded or, more generally, of finite volume. In general, it is well known that the discreteness of the spectrum of −∆ Ω D is equivalent to the compactness of the resolvent, which in turn is equivalent to the compactness of the embedding
The spectral picture is most complicated for quasi-cylindrical domains, where both essential and discrete spectra might be present. It is not difficult to see that σ ess (−∆ Ω D ) = ∅ whenever Ω is quasi-cylindrical, while the existence of discrete eigenvalues is considered as a non-trivial property here.
A distinguished class of quasi-cylindrical domains is represented by unbounded tubes, i.e. tubular neighbourhoods of unbounded submanifolds in R d . The motivation for this restriction is at least two-fold. First, the tubular geometry is rich enough to demonstrate the mathematical complexity of the class of quasi-cylindrical domains. Second, the Dirichlet Laplacian in tubes is a reasonable model for the Hamiltonian in quantum-waveguide nanostructures, where the unboundedness is required to have non-trivial transport properties. The latter has lead to an enormous number of research papers in recent years, in which the interplay between the geometry of a tube and the spectrum of the associated Dirichlet Laplacian is investigated in various settings; we especially refer to the survey articles [2, 11, 10, 14, 9] with many references. As the most recent result, let us point out the repulsive effect of twisting in three-dimensional tubes about a spatial curve, which can be mathematically formalised in terms of Hardy-type inequalities [4, 10, 13, 1] .
The objective of the present note is to show that, apart from expectable quasi-cylindrical settings, the tubular geometry gives rise to an interesting class of quasi-bounded domains with purely discrete spectrum, too. To the best of our knowledge, this class of domains has not been considered yet in connection with the compactness property of the Sobolev embedding (1). Our construction is based on considering tubes with a twisting angle diverging at the infinity of R d . For simplicity, we restrict to d = 3 in this note.
We would like to emphasise that the waveguides considered in this note have a uniform cross-section. This makes the model very different from the recent study [5] , where the cross-section is allowed to vary along the reference line and shrinks to a point at the infinity of the waveguide. The latter leads to cusp-type domains for which compactness of (1) follows easily by an equivalent characterisation of quasi-boundedness
In the present model the validity of (2) is not that evident.
Twisted waveguides
A (non-bent) twisted tube Ω is obtained by translating and rotating a bounded open connected set ω ⊂ R 2 about a straight line in R 3 . More precisely, following [10] , Ω is defined as the image of a straight tube Ω 0 := R × ω via the mapping
i.e. Ω := L(Ω 0 ). Here θ : R → R is the rotation angle, for which we merely assume
In this note, we are interested in spectral properties of the Dirichlet
(Ω) in the situation when the rotation angle explodes at infinity, i.e.,
This situation is briefly discussed (without any proofs) in [12, Sec. 6.2] . Let us now give some intuition for the results established below.
1. If the tube Ω is untwisted (i.e. either θ is constant or ω is rotationally invariant with respect to the origin in R 2 ), then Ω can be identified with the straight tube Ω 0 and the spectrum is easily found by a separation of variables,
where
2. If Ω is twisted butθ vanishes at infinity, then the spectrum (6) 
where ρ : Ω → [0, ∞) is a non-trivial function.
3. This Hardy inequality turns into a Poincaré-type inequality (i.e. ρ bounded from below by a positive constant) if |θ| is bounded from below by a positive constant [10, Sec. 6.1]. Consequently, the spectrum of −∆ Ω D starts strictly above E 1 in this case.
4. For instance, if Ω is constantly twisted, i.e.θ(x 1 ) = β, then the spectral problem can be solved by a Floquet-type decomposition and it is shown in [6] that
, with ∂ τ := x 3 ∂ 2 − x 2 ∂ 3 being the transverse angular derivative. Note that λ 1 > E 1 if, and only if, β = 0 and ω is not rotationally invariant with respect to the origin in R 2 .
Our objective is to show that the repulsive effect in the situation (5) is so strong that the the threshold of the essential spectrum may even diverge to infinity, so that the spectrum of −∆ Ω D becomes purely discrete.
Quasi-cylindrical realisation
First, however, let us show that the condition (5) by itself is not sufficient to guarantee the absence of essential spectrum. Since R×D r ⊂ Ω ⊂ R×D R whenever 0 ∈ ω, where R := sup t∈ω |t|, it follows that Ω is quasi-cylindrical in this case. The geometrical setting of Theorem 1 is illustrated by Figure 1 . 
Quasi-bounded realisation
Now we give a sufficient condition which guarantees the absence of essential spectrum.
and assume (4) and (5). Then
Proof. It follows from (5) that for any n ∈ N there exists s n ∈ (0, ∞) such that |θ(x 1 )| > n for every |x 1 | > s n . Fix n ∈ N and define I int := (−s n , s n ), I ext := (−∞, −s n )∪(s n , +∞). We also define Ω int := L(I int ×ω) and Ω ext := L(I ext ×ω). Imposing a supplementary Neumann condition at the cuts {±s n }×ω, we obtain a lower bound 
On Ω ext the magnitude of the velocity of rotation of the cross-section ω about R × {0} is greater than n. Hence, the longitudinal distance on which the cross-section turns by 180 degrees is estimated from above by π/n. That is, by our hypothesis, the rays on Ω ext parallel to the axis of rotation and emanating from the cuts {±s n } × ω will hit a Dirichlet boundary of Ω ext at most at the distance π/n. The same argument shows that the rays on Ω ext parallel to the axis of rotation and emanating from any cut {x 1 } × ω, with |x 1 | > s n + π/n, will hit a Dirichlet boundary of Ω ext in both directions at most at the distance π/n. Consequently, for any ψ from the form domain of −∆ Ωext DN , we have
By the minimax principle, it thus follows
.
Since n can be chosen arbitrarily large, we conclude with
It follows from Theorem 2 that the embedding (1) is compact. Since the quasi-boundedness is a necessary condition for the compactness of (1), we see that Ω is quasi-bounded under the hypothesis of Theorem 2. The geometrical setting of Theorem 2 is illustrated by Figure 2 . 
Conclusion
Condition (5) leads to a new class of waveguides, whose detailed spectral analysis constitutes an interesting open problem.
For instance, in the quasi-cylindrical setting (Theorem 1), one could study the existence of discrete spectra or Hardy-type inequalities and the rate of accumulation of discrete eigenvalues to the threshold of the essential spectrum.
In the quasi-bounded setting (Theorem 2), an interesting question is to establish some sort of Weyl-type asymptotics for the discrete eigenvalues. Note that Ω has an infinite volume regardless of the choice of θ. In fact, the volume is "locally preserved" for twisted tubes, i.e. |L (a 1 , a 2 ) × ω | = |(a 1 , a 2 ) × ω| for any a 1 < a 2 . This makes the present model very different from [5] , where the cross-section shrinks to a point at the infinity of the waveguide. Sharp semiclassical estimates of eigenvalues in distinct types of domains of infinite volume has been established recently in [7] .
